In this paper, we study the cyclic homology of affine algebras over a field of characteristic 0. We show that if A is such an algebra the inverse system (HC.+2m(A), S)m decomposes in sufficiently large degrees into the direct H*+2ttA sum of the constant system with value ~,'mz inf , ) and a system which is essentially zero. The essentially zero component is the kernel of the Loday-Quillen map l~ and the behavior of the restriction of S on it is closely related to the degeneracy of the spectral sequence associated with Connes' exact couple of A.
Introduction
It is well-known that the cyclic homology of the algebra A of regular functions on an affine algebraic variety over a field of characteristic 0 is closely related to the cohomology of the variety. In the smooth case, this relation is expressed by the existence of an isomorphism ~,,: HCn(A) 'f2nA/df2A -' @H~2(A)@H~-4(A)@ ... defined by Loday and Quillen in [19] . (The continuous analogue of this result was already obtained by Connes, who introduced in [5] the cyclic (co-) homology of an associative algebra over the complex numbers as an analogue of the de Rham cohomology of a space in the context of his noncommutative geometry.) The map it is defined for non-smooth algebras as well, where HdR(A) is the cohomology of the de Rham (Kfihler) complex f2~, but it is not always an isomorphism. In the general case, the relation between the cyclic homology of A and the cohomology of Spec A can be better expressed in terms of the periodic cyclic homology, a 2-periodic version of cyclic homology obtained by inverting an endomorphism S of the latter of degree -2. According 2 I. Emmanouil to a theorem due to Feigin and Tsygan (cf. [8] ), the periodic cyclic homology HP(A) of A is isomorphic with the infinitesimal cohomology Hinf(A) of Spec A, viewed with the even-odd grading. This theorem can be proved following the approach of Deligne and Hartshorne to infinitesimal cohomology (cf. [13] ), where one embeds a given variety as a closed subvariety of a smooth variety and then considers the completion of the de Rham complex of the latter along the subvariety. This method was developed by Wodzicki, Seibt and I-Iiibl (cf. [14, 24, 27] ) and led to a generalization of the above result to the case where the ground ring is any commutative Noetherian Q-algebra.
The cyclic homology HC(A) admits a functorial decomposition which can be described using the non-abelian derived functor approach of [4, 8] or the combinatorial approach of [9, 17, 21 ] . There is a corresponding decomposition of the periodic cyclic homology HP(A) into the direct product of components Hp(i)(A), i C Z, and the isomorphism of Feigin and Tsygan decomposes into 2i--* the direct product of isomorphisms Hp~i)(A) ~_ Hi, f (A). An auxiliary tool for understanding the action of S on HC(A) is the spectral sequence associated with Connes' exact couple of A. We show that the limit term E ~176 of that spectral sequence is isomorphic with the infinitesimal cohomology Hinf(A); this proves a conjecture of Wodzicki. The idea of the proof is to show that the spectral sequence converges to periodic cyclic homology.
Then, E ~176 is the graded vector space associated with a certain filtration of HP(A). Using Deligne's identification of infinitesimal cohomology with singular cohomology over C and a result of Bloom and Herrera, we show that this associated graded vector space coincides with Hinf(A). The convergence of the spectral sequence follows since the inverse system (HC.+zm(A),S)m satisfies the Mittag-Leffler condition, a fact which is itself proved using the finiteness of infinitesimal cohomology. The initial term of the spectral sequence contains In order to justify the plausibility of this criterion, we note that the differential O r of the spectral sequence is closely related to the iterate S r. Hence, the
nilpotence of S on V(A) essentially means that the component V(A) of HC(A)
does not affect the behavior of the spectral sequence in sufficiently large degrees. These results were announced in a Note to Comptes Rendus [7] . The contents of this work are as follows: Section 1 is introductory. We set up the notation we will be using and recall the basic facts about the Hochschild and cyclic homology of algebras. We also review the decomposition of the homology of commutative algebras and record the properties that will be needed. The reader can find all these notions and prerequisite results in Loday's book [18] .
In Sect. 2, we first detail the decomposition of the periodic cyclic homology of commutative algebras and prove that the components of this decomposition can be identified, for an affine algebra, with infinitesimal cohomology. For such an algebra, we then prove that the inverse system (HC.+2m, S)m satisfies the Mittag-Leffier condition, using a general property of inverse systems of countably generated vector spaces. We also show that the infinitesimal cohomology admits canonical embeddings into the components of cyclic homology.
In Sect. 3, after some generalities about the spectral sequence associated with an exact couple, we consider the case of Connes' exact couple and prove that the limit term of the corresponding spectral sequence is isomorphic, for an affine algebra, with infinitesimal cohomology. As an application, we then prove our main result about the structure of the inverse system (HC.+2m, S)m. Finally, we examine the relation between the degeneracy of the spectral sequence and the kernel of the Loday-Quillen map /t.
For the sake of completeness, we have included an appendix with some results about inverse limits that are used in the main text.
Notations and terminology. Unless otherwise specified, k will be a fixed field of characteristic 0 and all vector spaces and algebras will be over k. By a (double) complex we will mean a (double) chain complex. If (C, 0) is a complex and m E Z, we will denote by ( [15, 19] ).
We now consider the double complex ?~(A) defined by letting the component of degree (p, q) be Cq_p(A) if p, q > 0 and the horizontal (resp. vertical) differential be B (resp. b). The homology of the associated total complex is the cyclic homology HC(A). The short exact sequence of complexes
,0, is Cq_p(A) for all p, q E Z with horizontal (resp. vertical) differential given by B (resp. b). The homology of that complex is the periodic cyclic homology HP(A); it is related to cyclic homology by the short exact sequence
~lim I HC.+2m+z(A)----~HP.(A)--~Iim HC,+2m(A) '0.
(
3)
Now suppose that A is commutative and consider the double complex ~(A) consisting of 12 q-p in degree (p, q) if p, q > 0 with horizontal (resp. vertical) differential given by d = ddR (resp. 0). The maps /~n :
dan induce a morphism of double complexes /~: ~(A)
, ~(A); this is the Loday-Quillen map. If A is smooth, # is a quasi-isomorphism (cf. [19] ).
Decompositions for commutative algebras
We now fix a commutative algebra A. In this case, HH(A) and HC(A) admit functorial decompositions, which can be described by the combinatorial approach of [9, 17, 21] as follows. Viewing the components of the normalized Hochschild complex as modules over the corresponding symmetric groups and using a certain family of idempotents of the associated rational group rings, one obtains a decomposition (
The cyclic homology of affine algebras 5 for i > n. Hence, there results a decomposition of HH(A); we have ~>0 t=0
where HH~,'
where HC~~ = Pin (Tot ,~(i)(A)).
The short exact sequence (l) decomposes into the direct sum of
Hence, Connes' exact sequence admits itself a decomposition into the direct sum of exact sequences of the form
... ~> HH~n(A) ~ Hc(~i)(A) ~ HC(.'_2 l)(A) ~ HH~')_, (A) ' )...

Remark 1.1
The above decompositions can be also described using the non-abelian derived functor approach of [4, 8] . The equivalence of the two approaches is shown in [17, 26] (see also [22] ). ,@(')(A), i > 0. The induced maps in homology are compatible with S; in particular, for i < n there is a commutative diagram
where j is the inclusion. Moreover,/t~ "). HC~")(A) phism for all n.
I. Emmanouil [ 17, Remark 4.10]). We also consider the double complex @~pie)r(A) consisting of the de Rham complex IIiczHp~i)(A)--~IliczHiZn~f-*(A) is an isomorphism (cf. [8, 27] ), we conclude that the same is true for fi~,i). (ii) The first claim follows from (i); the second then follows from (3). [] Remark 2.5 The conclusion of Theorem 2.4 may be false for an arbitrary ring k. Indeed, the periodic cyclic homology of the Z-algebra Z[x]/(x n-1), n > 2,
is not the inverse limit of its cyclic homology (cf. [16] ).
Let A be a commutative algebra of finite type and consider the structural morphisms One can verify that 7JA does not depend on the choice of the smooth presentation of A and is functorial. where H denotes hypercohomology, ~ and 7 are the comparison maps and fl A (resp. 6) is induced by the natural map Crh >Qxh (resp. Crh---~f2rh). Then, and fi are isomorphisms by [13, Chap. IV, Theorem 1.1] and 5 is injective as shown in [2] . Hence, 7Jr is injective. But q'r is identified with ~A via the degeneracy of the corresponding hypercohomology spectral sequences.
The case of an arbitrary field k (of characteristic 0) can be reduced to the one considered above using the compatibility of Hinr and HdR with extensions of the base field (concerning Hmr, see [ 
Emmanouil
We will briefly review the construction of the spectral sequence associated with g'; for more details, the reader is refered to [6, 20] . We first define a sequence (gr)r=>0 of exact couples (the higher derived couples of/o ~ = C~ with ~r = (D r, U, ~r), tiC,) 7(r)) given by: 
The case of Connes' exact couple
Let A be a commutative algebra. Then, Connes' exact couple (2) is Z 9 Zgraded (in the sense of Remark 3.1(ii)); in bidegree (n, i), HC(A) and HH(A) consist of HC(,i)(A) and HHt, O(A) respectively and degS = (-2, -1), degB = (1, 1) and degI = (0, 0). Therefore, the terms Er(A) of the spectral sequence and its limit term E~(A) are bigraded and the differential ~?r is homogeneous of degree (1 + 2r, 1 + r).
_ = i (n+r) S r (n)
For r > 1, we have E~,I")(A) m (HC~+2,. (A)---~HC~ (A) ). In particular, there is an isomorphism EI{n)(A) ~-H~R(A ) induced by the Loday-Quillen map given in bidegree (n, i) by
= HC',+zm (A) ~ HC},')(A)
Lm>0 n ker (HC~i)(A)~ HC~,~)(A)) .
Since HC~"_-zl)(A) = O, we have: p. Since S is locally nilpotent, it follows from (6) that the limit term is (7) , and hence a similar decomposition of the associated spectral sequence and its limit term. Using Goodwillie's theorem on the action of derivations in cyclic homology (cf. [10] ), for the special case of the Euler field acting on A, one can show that the endomorphism S of the exact couple $~t vanishes if t > 1 (cf. [25, Proposition 2.4] ). Hence, the inclusion A0 ~ A induces isomorphisms Er(A0) -~ E"(A),r > 1, and E~176 ~_ E~176 Therefore, the spectral sequence associated with Connes' exact couple of a commutative algebra of finite type is (in degrees r > 1) a homotopy invariant of the corresponding affine algebraic variety. 
Degeneracy criteria
Let A be a commutative algebra of finite type. In this section, we study the relation between the restriction of the operator S on the kernel V(A) of the Loday-Quillen map and the degeneracy of the spectral sequence associated with Connes' exact couple of A. We note that Theorem 3.5 implies that for any n there exists m = m(n) such that the map Sin: Vn+2m(m) ~Vn(A) vanishes. Now, we want to characterize those commutative algebras of finite type for which the spectral sequence in question degenerates at E 1. If A is such an algebra the decomposition of Theorem 3.5(ii) holds in degrees > g, the minimal number of generators of A; this follows from Lemma 3.4(iii) and the proof of Theorem 3.5. The cyclic homology of affine algebras 15 (ii) If A has property (P) the graded space U in the above definition is given in degree n by U, = E~(A) ~_ Hinf(A) (cf. Remark 3.3(ii)). Hence, U is finite dimensional. Theorem 3.10 For a commutative alyebra A of finite type, the followin,q are equivalent:
(i) The spectral sequence associated with Connes' exact couple of A degenerates at E 1.
(ii) Eln(')(A) = 0 for i < n. (8), which now holds for all 0 < i < n, shows that #(i) is a canonically split surjection for i < n (recall that /~") is an isomorphism). Moreover, the splittings are compatible with S. Theorem 3.7 implies that S vanishes on the kernel of/t; it follows that A has property (P).
Since S vanishes on V(A), (8) implies that
V~O(A) ~ ker (HC~i)(A) s> Hc~i~21)(A)) = im (HH~i)(A) l > HC(O(A) )
and Vn(i-l)(A ) -I for i < n, whence the last assertion of the theorem. More generally, if A = ~t>=oAt is a graded algebra with A0 smooth, then A satisfies these conditions as well. In particular, there are non-smooth algebras satisfying these conditions. On the other hand, since the canonical map ~ is not always an isomorphism, there are commutative algebras of finite type which do not satisfy these conditions. (ii) Let A be a commutative algebra of finite type such that the spectral sequence associated with Connes' exact couple of A degenerates at E ~ Then, A is smooth over k; this follows from [1] since HHff)(A) = E~ = E~(')(A) = 0 if i +n. In particular, A is reduced. Since A = HHo(A) = E~ = E~(A) = Hi~ is a finite dimensional vector space, we conclude that A is a finite direct product of finite field extensions of k.
Conversely, if A is such a direct product the system (HC.+2m (A),S)m is constant with value A (resp. 0) if 9 = 0 (resp. 1). In particular, the operator S is surjective and hence Remark 3.1(i) implies that the spectral sequence associated with Connes' exact couple of A degenerates at E ~
Appendix: Inverse limits
In this Appendix, we prove Propositions A.3 and A.5, which were already used in the proofs of Theorems 2.4 and 3.2. Proposition A.3 (Gray's criterion) was proved in [11] , when k = Z. Considering dimension instead of cardinality, we will present Gray's arguments for the case of a field. The result of Proposition A.5 is folklore.
We consider inverse systems of vector spaces indexed by the ordered set N. The higher inverse limit functors lim' vanish if i > 2 (cf. [23] ); hence, a +___ short exact sequence of inverse systems 
